We call a (τ , σ )-derivation outer if it is not of this form. Let 1 denote the identity automorphism x → x. We call (1, σ )-derivations simply σ -derivations. We also write ad (1,σ ) (b) as ad σ (b).
Let S be an automorphism of R and D an S-derivation of R. The Ore extension of R by the S-derivation D, denoted by R[ X; S, D]
, is the ring freely generated by the ring R adjoined by an indeterminate X subjected to the commuting rule Xr = S(r)X + D(r) for r ∈ R.
Ore extensions, since their discovery in [20] , have been very important in constructing interesting mathematical objects, see for example [1, 2, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [15] [16] [17] [18] [19] [21] [22] [23] [24] [25] . In modern algebras, this elementary construction is important in particular due to the fact that the quantum Borel subalgebra in DrinfeldJimbo quantization is an iterated Ore extension, see for example [4] .
Throughout, R is a prime ring. To investigate R[ X; S, D], we have to work in the symmetric Martindale quotient ring of R, which we denote by Q . (See [3] for the definition and basic properties of Q .)
The automorphism S and the S-derivation D can be uniquely extended to Q . We form Q [X; S, D] analogously. Elements of Q [X; S, D] are called skew polynomials or merely polynomials for short. Any skew polynomial f can be written uniquely in the form f = i a i X i , where a i ∈ Q vanish for all but finitely many i. We call a i the coefficient of X i in f . The degree of a nonzero polynomial f , denoted by deg f , is the largest integer m 0 with a m = 0 and the corresponding a m is called the leading coefficient of f . We call f monic if the leading coefficient a m is equal to 1. We also postulate that the zero polynomial has the degree −∞. So deg f g deg f + deg g for any f , g. The equality holds, in particular, if one of f , g is zero or has an invertible leading coefficient. It is convenient to have the following notations:
Definition. Set P def.
= Q [X; S, D] and P(m)
def.
= { f ∈ P: deg f < m} for integer m 0. Clearly, [17] or the minimal K -identity of D [7] . Let g 0 , . . . , g ν−1 ∈ A be mutually outer in the sense that g i g −1 j , i = j, is not X-inner. Let f (x 0 , . . . , x ν−1 ) be a generalized polynomial in distinct indeterminates x 0 , . . . , x ν−1 and with coefficients in Q . It is shown in [7] So the minimal semi-invariant polynomial is of crucial importance to the study of the Ore extension R[ X; S, D] and also of the S-derivation D itself. Our aim here is to analyze the structure of the minimal semi-invariant polynomial.
P(m) forms a (Q ,
Q
k-Basic polynomials
More generally, we call f ∈ P a cv-polynomial with respect to (σ , δ) , where σ ∈ A and δ ∈ L σ , if f r − σ (r) f = δ(r) for all r ∈ R (Definition 2.4, [16] ). We also call σ the associated automorphism and δ the associated skew derivation of f . Clearly, semi-invariant polynomials are merely cv-polynomials with respect to (σ , 0) for some σ ∈ A. Cv-polynomials characterize homomorphisms between Ore extensions and form a crucial tool for our analysis of semi-invariant polynomials. It is shown (Theorem 2.16(4), [16] ) that f is a cv-polynomial if and only if there exists σ ∈ A such that f r − σ (r) f ∈ Q for all r ∈ R. So the semi-invariance and cv-ness of a skew polynomial f can be viewed as a sort of σ -twisted commutativity of f and R. We refine these two notions by measuring the σ -twisted commutativity in terms of degrees as follows:
Definition. Let k be an integer, positive, negative or 0, and σ ∈ A. By a (k, σ )-basic polynomial, we mean a nonzero polynomial f such that f r − σ (r) f ∈ P(deg f − k) for any r ∈ R, that is, such that deg f r − σ (r) f < deg f − k for any r ∈ R.
( * )
We call σ the associated automorphism of f . If σ is understood then we call f k-basic for brevity.
For convenience, k above is allowed to be negative. However, if k < 0 then ( * ) holds trivially for any f = 0. That is, any nonzero f is (k, σ )-basic for any integer k < 0 and for any σ ∈ A. On the other hand, for f = 0, if k deg f then ( * ) is equivalent to f r − σ (r) f = 0 for any r ∈ R, that is, to the semi-invariance of f . Conversely, if f is semi-invariant then deg( f r − σ (r) f ) = −∞ for r ∈ R and hence ( * ) holds for any k deg f . So it suffices to consider the k-basic-ness of nonzero f for 0 k deg f .
Clearly, the k-basic-ness of f is independent of its coefficients at X i for 0 i < deg f − k or, equivalently, depends only on the equivalence class of f in the quotient (Q ,
Our characterization of a k-basic polynomial of degree n is hence only up to within the equivalence
If f is k-basic then f is clearly also s-basic for any 0 s k. Also clearly, f is semi-invariant if and only if f is (deg f )-basic. Similarly, f is a cv-polynomial if and only if f is (deg f − 1)-basic. For k 0, the automorphism σ in ( * ) is uniquely determined by f as in the following:
Proof. The coefficient of X n in f r − σ (r) f is equal to u S n (r) − σ (r)u and must vanish by ( * ). So we have the equality u S n (r)−σ (r)u = 0 for r ∈ R. This implies that u is a unit such that σ (r) = u S n (r)u −1 for r ∈ R. 2 So for k 0, the k-basic polynomial f uniquely determines its associated automorphism σ . Particularly, a monic k-basic polynomial of degree n is (k, S n )-basic. However, for k < 0, all polynomials are k-basic and can be associated with any automorphisms. With Lemma 1, we may reduce our investigation of k-basic polynomials to that of monic ones as follows.
Lemma 2. For k 0, a skew polynomial f is k-basic if and only if its leading coefficient u is a unit and the monic skew polynomial u
Proof. Let n be the degree of f . Assume that u is a unit. For r ∈ R,
Firstly, assume that f is k-basic. By Lemma 1, its leading coefficient u is a unit and its associated automorphism σ is given by σ (r) = u S n (r)u −1 for r ∈ R. So for r ∈ R,
The only if part (⇒) is thus proved. Conversely, assume that u is a unit and that the monic skew polynomial u −1 f is k-basic. By Lemma 1, the associated automorphism of
def. 
More generally, given m n 0, we verify easily that
For the indeterminate X in the Ore extension R[ X; S, D], we have the equality
Given a skew polynomial f = i a i X i , where a i ∈ Q , we have by (3)
Given an automorphism σ of Q , the coefficient of X j in f r − σ (r) f is thus equal to
The first summation depends only on a i for i > j, while the last term depends on both σ and a j . So the k-basic-ness of f depends merely on the coefficients a i , i deg f − k. We will study the k-basic-
Whether f is also (k + 1)-basic or not depends on the coefficients of X deg f −k−1 . We hence define the following important notion.
Definition. Given nonzero f = i a i X i ∈ P, where a i ∈ Q , and an integer k, positive or nonpositive,
We have also allowed k above to be nonpositive. But for k < 0, δ f k (r) = 0 for all r ∈ R by our convention on a i 's. Set n def.
For u ∈ Q , let λ(u) denote the left multiplication by u defined by 
Our method is to understand k-basic polynomials in terms of skew derivations. The following establishes the crucial connection between these two notions:
In this case, we call δ f k the associated skew derivation of f .
It thus suffices to show that δ is an (S
The equality of the coefficients of X m−k−1 in the left and the right expressions gives δ(a
Comparing the coefficients of X m−k−1 in the first and the last expressions displayed above gives
We introduce the following notations for brevity:
We suppress σ , τ if they are understood and
We start with investigating two different k-basic polynomials f , g of the same degree n. In view of Lemma 2, we may assume f , g to be monic or, more generally, to have the same leading coefficients.
Then h def.
= g − f is a nonzero polynomial of degree < n such that f + h, which is equal to g, is also k-basic. The question is hence reduced to the following: Given a k-basic polynomial f of degree n, characterize nonzero polynomials h with deg h < n such that f + h is also k-basic. This is answered in the following.
Lemma 4. Let f be a (k, σ )-basic polynomial of degree n. For a nonzero polynomial h of degree < n, f + h is also k-basic if and only if h is (deg
Proof. The assertion is trivial if k < 0. So assume f = 0 and k 0. For r ∈ R, In the above, if deg h < n − k then Lemma 4 imposes no restriction on h at all. But in this case, f + h ≡ f modulo P(n − k) and the k-basic-ness of f + h is trivially equivalent to that of f .
For u ∈ Q , let ρ(u) denote the right multiplication by u. In symbols, ρ(u) : r → ru for r ∈ Q .
The closure of k-basic polynomials under multiplications shown below gives a way of generating new k-basic polynomials from old ones.
where u, v are the leading coefficients of f , g respectively.
Proof. The assertion is trivial if k < 0. So assume k 0. For r ∈ R, we have
Analogously, the coefficient of X
With these, we compare the coefficients of X m+n−k−1 in the left and the right sides of (8) . The asserted equality follows. 2
As a special instance, if f , g are monic k-basic polynomials of degrees n, m respectively then
Applying this repeatedly to the power f of monic f , where 1, we have
The division algorithm of P def.
= Q [X; S, D] is a powerful tool. Its connection with basic k-
polynomials is analyzed in the following.
Lemma 6. Assume that f is (k, σ )-basic and that
Proof. The assertion is trivial for k < 0. We hence assume k 0. Consider the case that g = qf + h.
The other case that g = f q + h is treated analogously. Set n def.
= deg f and m def.
Since the leading coefficient of f is a unit, for r ∈ R with qσ (r) − τ (r)q = 0, we have
We are interested in nonconstant k-basic polynomials. Lemma 2 reduces our investigation of kbasic polynomials to monic ones. If there exists a monic nonconstant k-basic polynomial then there exists one of the minimal degree. For example, X + a, where a ∈ Q , is a monic 0-basic nonconstant polynomial of minimal degree 1. Clearly, any monic 0-basic polynomials of degree 1 are of this form.
Definition. By a minimal k-basic polynomial, we mean a monic nonconstant k-basic polynomial of the minimal degree. For integer j, set Φ( j)
j is X-inner we let u ∈ Q be a unit such that uru −1 = S j (r) for r ∈ R and then clearly, Φ( j) = Cu, where C is the center of Q and is called the extended centroid of R. By Lemma 2, minimal k-basic polynomials exist if nonconstant k-basic polynomials exist. We start analyzing basic k-basic polynomials in terms of the one with minimal degree.
Lemma 7. Let f be a minimal k-basic polynomial of degree ν 1. Then any monic nonconstant k-basic polynomial is of the form f n + h, where n 1 and where h is either 0 or (deg
Proof. Given a monic k-basic polynomial g of degree m > 0, write m = nν + l, where n, l are integers such that n 1 and 0 l < ν. Divide g by f n and write g = qf n + h, where q, h are polynomials with deg q = l and deg h < nν. By Lemma 6, q is also k-basic. But deg q = l < ν = deg f . So q is a constant by the minimality of the degree ν of f and must be the constant 1, since g, f are monic.
We thus 
(Reduced) expressions of k-basic polynomials
To carry out our investigation further, we fix the following notations:
Definition. For k 0, we fix a minimal k-basic polynomial f k if it exists and denote its degree by
= {s: 0 s < k and ν s divides k − s}.
The set T k occurs naturally in further analysis of k-basic polynomials and enjoys the following nice compatibility:
We need some more abbreviations to state our result:
Definition. For brevity, if the minimal s-basic polynomial f s exists then we write
By applying Lemma 5 repeatedly or by the remark following its proof, we have
For 0 = f ∈ P, we postulate f 0 def.
We continue our analysis in terms of these f k as follows.
Theorem 9. Any monic k-basic polynomial g with deg g 1 can be uniquely expressed in the form
where n k def. 
, as asserted. We hence assume s 0. By Lemma 7, the leading coefficient
s , which is of the form asserted in (10) . (In this case, 
With all these, we rewrite the above expression ofh k as
This is the form asserted in (10) . For the uniqueness of (10), let
be another such expression of g. The difference of the two expressions of g gives
Assume on the contrary that u s = v s for some s ∈ T k . Let s 0 be the greatest such s.
Conversely, let g satisfy (10 
So for s ∈ T k and for r ∈ R, we have
satisfies the analogous inequality. So the polynomial g given by (10) is a monic k-basic polynomial of degree n k ν k .
We compute δ g k for g given in (10) as follows. By (6),
where the last equivalence follows by (9) again. With this, (11) follows as asserted.
For the last assertion, δ
s defines the zero map and there is nothing to prove. So assume u s = 0. Since u s ∈ Φ(k − s), we have for r ∈ R,
Given k 0, a monic polynomial f = i a i X i of degree n is k-basic if and only if for any r ∈ R, 
Then the polynomial obtained from f by replacing the coefficient of 
In this case, set f
s and n def. = n k ν k = deg g for brevity. Given r ∈ R, the coefficient of X
So (12) holds as asserted. Conversely, assume that (12) holds and 
So g is (k + 1)-basic. This proves the if part (⇐) of the asserted equivalence (firstly stated) and also the second assertion following. The last assertion is obvious. 2
The expression (10) of a given monic k-basic polynomial g is unique modulo P (deg g − k) . But the polynomials f s , 0 s k, are not unique in general. Since we are concerned with the associated skew derivation δ g k of a k-basic polynomial g, we define the following.
is reduced if and only if it admits the expression
where n k def.
= deg g/ν k 1, where u s ∈ Φ(k − s) and where n s def. 
Lemma 11. Given a monic k-basic polynomial g of deg g > 0, there exists a reduced k-basic polynomialg with degg = deg g, which is unique modulo P(deg
where n t def. = g . Otherwise, we proceed with g in the same way as with g and obtain g such that δ g k 
For the second assertion, if δ 
Main theorem
The expressions δ (n s ) s in Theorems 9 and 10 are still complicate. We understand them in terms of conjugations by S as follows: For any integer j, define
Consider a product of letters of D and n letters of S in the following form
Conversely, for any given increasing sequence 0
= n, by reversing the above steps, we can transform 
We hence defineΔ
Given f ∈ P of degree n, we defineδ
Given f ∈ P of degree n, we have definedδ 
For any integer n 1, since δ (n)
We computeδ
Consider a nonconstant monic k-basic polynomial g given in (10) (modulo P(n k ν k − k)) and its
In terms of this, Theorem 10 says that nonconstant (k + 1)-basic polynomials exist if and only if there exist an integer n k 1 and
Given θ ∈ A and for any map ϕ : Q → Q , we define ϕ θ (r)
(Y )θ(r) − θσ (r)ϑ(Y ) − θδ(r).
Replacing r by θ −1 (r For brevity, we introduce the following
This notion arises naturally in the following two ways in our context: Firstly, let σ , τ be two automorphisms of Q such that τ (r) = uσ (r)u −1 . Then we see inductively that
Secondly, given u ∈ Q and integers , i 0, we have inductively that
More generally, we compute u X + terms of degrees
We are now ready for = deg h and u to be the leading coefficient of h. Then
Applying ϑ to the above and using ϑ(r) = θ(r) for r ∈ Q , we have
In the above, replacing r by θ −1 (r) yields the expression
Let ν be an integer such that c i (r) = 0 for any r ∈ Q and for any i > ν. We don't assume c ν (Q ) = 0 at this moment. We can thus rewrite the above as
It follows that
To prove the equivalence firstly asserted, we let ν be the greatest degree of polynomials hr − τ (r)h, where r ∈ Q . So we have c ν (r) = 0 for some r ∈ Q . Suppose that h is (k, τ )-basic. That is, for any
Pick r ∈ Q such that c ν (r) = 0. For this r, deg(ϑ(h)r − τ θ (r)ϑ(h)) = ν by (13) . Combining this with (15) yields the inequality
This proves the first asserted equivalence. For the rest of the assertions, assume that h
Since h is (k, τ )-basic, we have c i (r) = 0 for i > m − k − 1 and for r ∈ Q . We can thus apply (13) with ν def.
Analogously, we see that ρ(N
where the map within the outermost parentheses is an (S (m−k−1) , τ θ )-derivation. On the other hand,
What we need is the following consequence of Theorems 12 and 13. 
Proof. Set θ def.
= S and δ def.
So X + b is a cv-polynomial with respect to (σ , δ). By Theorem 12, the automorphism θ def. 
We have seen that the minimal 0-basic polynomial f 0 assumes the form X + b, where b ∈ Q is arbitrary. We are hence interested in the existence of k-basic polynomials for k > 0. Our final result concerning the existence and the structure of k-basic polynomials is the following. 
S . This proves the first assertion.
Conversely, assume there exists the least ν 1 such that
If ν 1 exists then ν|ν 1 by (16) . Write ν 1 = ν . Then
So the existence of ν 1 is equivalent to the existence of such that δ ∈ L We divide the rest of our argument into several claims.
Claim 1. For any k 0 and u
Reason. The assertion is obvious if u = 0. So assume u = 0. Then u is a unit such that uru
With these, we compute
Since D is X-outer, S(β) = β for any β ∈ C by Kharchenko's Lemma (Lemma 16, [14] or Lemma 5, [7] ). Then D 2k
Since D is X-outer, we conclude α ν = 1.
Continuing in this manner, we have
Let ϑ be the automorphism of Q [X; S, D] defined in Lemma 14 with respect to the least integer
then ν|ν k since ν|ν 1 , and we define
for any integer n 1δ
Reason. Let g be an s-basic polynomial. By Lemma 14, we have for any n 1,
Setting g = f k in the above, we have δ
By induction, we have for any integer j 0,
We thus have for any integer n 1,
For k 1, if ν k exists then we consider the following hypothesis:
(H k ) For any s 0 with ν s < ν k and for any monic s-basic polynomial g,
= ν k by Lemma 7. So (H k ) is applicable to the monic u −1 h, which is also s-basic by Lemma 2. It follows that ϑ 
We can thus modify the coefficient of Reason. The only s 0 with ν s < ν 1 is 0. Let g be a monic 0-basic polynomial. We shall show that
Claim 6. For any integers n 1 and ν 1 > k 0,Δ
Reason. Since
, we have for any integer n 1,
With these, we see that
Reason. Assume that ν k = ν and that f k+1 exists. If
i . Without loss of generality, we may assume that g is reduced by 
We computeδ 
On the other hand, if s < 0 or degh = 0 thenδ 
Since char R = 0, n k is invertible in Q . Also,
Set f def.
= f k + u X ν−k . We see thatδ
Altering the coefficient of X ν−k−1 in f , we obtain a (k +1)-basic polynomial f . It follows that ν k+1 def. 
